Cosmological models with asymmetric quantum bounces by Delgado, P. C. M. & Pinto-Neto, N.
ar
X
iv
:2
00
3.
04
92
8v
1 
 [g
r-q
c] 
 10
 M
ar 
20
20
Cosmological models with asymmetric quantum bounces
P. C. M. Delgado∗ and N. Pinto-Neto†
CBPF - Centro Brasileiro de Pesquisas F´ısicas, Xavier Sigaud st. 150, zip 22290-180, Rio de Janeiro, Brazil.
(Dated: March 12, 2020)
In quantum cosmology, one has to select a specific wave function solution of the quantum state
equations under consideration in order to obtain concrete results. The simplest choices have been
already explored, in different frameworks, yielding, in many cases, quantum bounces. As there
is no consensually established boundary condition proposal in quantum cosmology, we investigate
the consequences of enlarging known sets of initial wave functions of the universe, in the specific
framework of the Wheeler-DeWitt equation interpreted along the lines of the de Broglie-Bohm
quantum theory, on the possible quantum bounce solutions which emerge from them. In particular,
we show that many asymmetric quantum bounces are obtained, which may incorporate non-trivial
back-reaction mechanisms, as quantum particle production around the bounce, in the quantum
background itself. In particular, the old hypothesis that our expanding universe might have arisen
from quantum fluctuations of a fundamental quantum flat space-time is recovered, within a different
and yet unexplored perspective.
CONTENTS
I. Introduction 1
II. De Broglie-Bohm quantization of the
mini-superspace Friedmann model 2
III. Generalized symmetric bounces and non-unitary
asymmetric bounces 4
A. Generalized symmetric quantum bounces 4
B. Non-unitary asymmetric quantum bounces 5
IV. Unitary asymmetric quantum bounces 7
V. Conclusion 8
Acknowledgments 9
References 9
I. INTRODUCTION
According to the General Theory of Relativity, the uni-
verse has a beginning described by a singularity in space-
time, which is outside the scope of the theory and, hence,
cannot be investigated. This led to the idea that, in this
extreme domain, characterized by very high energy den-
sities and curvature, General Relativity must undergo
modifications, which may be due to quantum gravita-
tional effects. Therefore, it is necessary to formulate a
quantum theory of gravity to describe the domain previ-
ously held as a singularity.
Quantum Mechanics, on the other hand, is understood
as a fundamental theory able to describe any physical sys-
tem, including the whole universe. However, the Copen-
hagen interpretation cannot be applied to cosmology.
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The reason is that, in order to solve the measurement
problem, this interpretation postulates that the wave
function collapses when an observer performs a measure-
ment on the system. Thus an external classical domain
is required to perform the collapse of the wave function.
There are some proposals to circumvent this concep-
tual problem, the most famous being the Many-Worlds
interpretation [1], the spontaneous collapse approach [2],
and the de Broglie-Bohm quantum theory [3, 4]. We
will adopt this last one, a deterministic interpretation
in which real trajectories in the configuration space ex-
ist. The probabilistic character of Quantum Mechanics is
due to the existence of hidden variables (initial field con-
figurations), and arises statistically. In this theory, the
collapse of the wave function is effective: the system oc-
cupies one of the branches of the wave function, and the
others remain empty and incommunicable to each other.
Therefore, an external observer is no longer needed, and
we achieve the conceptual coherence necessary to apply
this approach to cosmology.
The quantum cosmological models that arise from this
approach enable the avoidance of the initial singularity,
giving rise to a bounce [5, 6], or even multiple bounces
[7, 8], which are preceded by a contraction of the scale
factor and followed by an expanding phase.
In this paper, we consider generalizations of the quan-
tum cosmological models found in Refs [5, 6] arising from
the Wheeler-DeWitt quantization of the background,
which are symmetric around the bounce, obtained from
enlarged prescriptions for the initial wave function. Our
aim is to obtain asymmetric bounces, capable to describe
non-linear back-reactions coming from particle produc-
tion around the bounce, which can alter the background
evolution in the expanding phase. Indeed, taking into ac-
count generalizations of the initial Gaussian wave func-
tions considered in Refs [5, 6], we were able to obtain
a variety of asymmetric quantum bounce trajectories in
different contexts, with quite interesting properties, as it
will be discussed in the sequel.
The paper is divided as follows: in the next section
2we present the mini-superspace model in which the de
Broglie-Bohm quantization will be implemented, and the
standard symmetric quantum bouncing trajectories ob-
tained from initial Gaussian wave functions centered at
the origin, and without phase velocity. The unique free
parameter (besides the initial values of the trajectories),
is the standard deviation of the Gaussian. In section III,
we enlarge the set of initial wave functions by considering
initial Gaussians, also centered at the origin, with phase
velocity, hence adding a new parameter to the system.
It is shown that unitary evolution of such initial wave
functions continue to yield symmetric quantum bounces.
As unitary evolution is not a mandatory requirement for
mini-superspace wave functions in the de Broglie-Bohm
theory, we gave up with unitarity, obtaining, in this way,
asymmetric quantum bounces. In section IV, we enlarge
once more the class of initial wave functions by taking
superpositions with two more free parameters than the
standard deviation of the Gaussian, obtaining asymmet-
ric quantum bounces with unitarity preserved. In the
Conclusion, we comment on our results, and discuss fu-
ture developments.
II. DE BROGLIE-BOHM QUANTIZATION OF
THE MINI-SUPERSPACE FRIEDMANN MODEL
For a flat, homogeneous and isotropic universe filled
with a perfect fluid with equation of state P = ωρ, where
P is the pressure, ρ is the energy density and ω is the
equation of state parameter, the ADM [9] and the Schutz
[10] formalisms lead to the following Hamiltonian con-
straint
H0 =
PT
a3ω
− P
2
a
4a
, (1)
where a is the scale factor of the universe, T is the param-
eter related to the degree of freedom of the fluid, which
plays the role of time, and Pa and PT are their respective
canonically conjugated momenta. The Friedmann equa-
tions are obtained by considering the total Hamiltonian
H = NH0, (2)
where N is the lapse function of the ADM formalism. Ap-
plying the canonical quantization procedure, and taking
into account a particular choice of the factor ordering
in a in order to obtain a Schro¨dinger equation covari-
ant under field redefinitions, we arrive at the following
Wheeler-DeWitt equation:
i
∂
∂T
Ψ(a, T ) =
a(3ω−1)/2
4
∂
∂a
[
a(3ω−1)/2
∂
∂a
]
Ψ(a, T ). (3)
Performing the variable transformation given by
χ =
2
3(1− ω)a
3(1−ω)/2, (4)
we obtain
i
∂Ψ(χ, T )
∂T
=
1
4
∂2Ψ(χ, T )
∂χ2
, (5)
which can be identified as a Scho¨dinger equation for a
free particle of mass m = 2 in one dimension with the
opposite sign of the time derivative term. The solutions
of Eq. (5) are the wave functions of the universe. With
the choice N = a3ω for the lapse function, the parameter
T relates to the cosmic time t through dt = a3ωdT .
Once the scale factor a and, consequently, the variable
χmust assume positive values, we are dealing with a time
reversed Schro¨dinger equation in the half axis [11]. In
order to obtain unitary solutions and, as a consequence,
a consistent probabilistic interpretation, it is necessary
to perform a self-adjoint extension, that is, to consider
the perfectly reflecting boundaries, which are given by
the following condition:(
Ψ∗
∂Ψ
∂χ
−Ψ∂Ψ
∗
∂χ
)∣∣∣∣∣
χ=0
= 0. (6)
Note, however, that the de Broglie-Bohm quantum the-
ory is a dynamical fundamental theory, where probabili-
ties arise in a secondary step, as in Classical Mechanics.
And indeed, a probabilistic interpretation of the wave
function of the Universe may not make sense, since there
is only one universe in this approach. A probabilistic
interpretation is required only for subsystems in the Uni-
verse, where we can perform measurements. In this situa-
tion, one can use the so called conditional wave functions
for subsystems, in which the Wheeler-DeWitt equation
reduces to an unitary Schro¨dinger form, and a proba-
bilistic interpretation can be recovered, see Ref. [13] for
details. Hence, in what follows, we will not always require
unitary evolution of the mini-superspace wave function.
Writing the wave function as Ψ = ReiS , and substitut-
ing into Eq. (3), we obtain two real equations,
∂ρ
∂T
− ∂
∂a
[
a(3ω−1)
2
∂S
∂a
ρ
]
= 0 (7)
∂S
∂T
− a
(3ω−1)
4
(
∂S
∂a
)2
+
a(3ω−1)/2
4R
∂
∂a
[
a(3ω−1)/2
∂R
∂a
]
= 0, (8)
where ρ(a, T ) = a(1−3ω)/2Ψ2.
The key feature of the de Broglie-Bohm quantum the-
ory is to assume that positions in configuration space (in
our case a) have objective reality, independently of any
observation, and satisfy the so called guidance equation
a˙ = −a
(3ω−1)
2
∂S
∂a
, (9)
or
dχ
dT
= −1
2
∂S
∂χ
. (10)
3With Eq. (9), one can interpret Eq. (7) as a continuity
equation for the distribution ρ, and Eq. (8) as a gener-
alized Hamilton-Jacobi equation supplemented by the so
called quantum potential,
Q ≡ −a
(3ω−1)/2
4R
∂
∂a
[
a(3ω−1)/2
∂R
∂a
]
. (11)
Once the total energy given by Eq. (8) includes also the
quantum potential Q, the trajectory given by Eq. (9) will
not be the same as the classical one, unless Q is negligible
with respect to the other terms. This effect is responsible
for the emergence of the quantum bounce, avoiding the
standard classical initial singularity.
Let us consider an initial wave function of the universe
given by
Ψ0(χ) =
(
8
πσ2
) 1
4
exp
(
−χ
2
σ2
)
, (12)
which satisfies the unitarity condition (6). In order to
obtain an unitary evolution, we must apply the corre-
spondent propagator to the Wheeler-DeWitt equation (5)
considering the boundary condition (6). It means that we
must sum two propagators of a time reversed Schro¨dinger
equation, one to χ0 and other to −χ0. We then obtain
G(χ, χ0, T ) =
√
− i
πT
exp
[
− i(χ− χ0)
2
T
]
+
√
− i
πT
exp
[
− i(χ+ χ0)
2
T
]
. (13)
Applying it to the initial wave function (12), we arrive
at the wave function for all times
Ψ(χ, T ) =
[
8σ2
π(σ4 + T 2)
] 1
4
exp
[
− σ
2χ2
σ4 + T 2
]
× exp
[
−i
(
Tχ2
σ4 + T 2
+
1
2
arctan
(
σ2
T
)
− π
4
)]
, (14)
which also satisfies Eq. (6). Using the phase S of the
above wave function, we are able to obtain the trajectory
of the parameter χ through Eq. (10). It reads
χ(T ) = χb
[
1 +
(
T
σ2
)2] 12
, (15)
where χb is the value of χ at the bounce, which occurs
at T = 0. In terms of the scale factor a one gets,
a(T ) = ab
[
1 +
(
T
σ2
)2] 13(1−ω)
, (16)
where ab and χb are related also through Eq. (4). Eq. (16)
describes a symmetric bounce, which is plotted in figure
1. It tends to the classical solution for large values of T .
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Figure 1 a vs T for ω = 1
3
.
A good model for the perfect hydrodynamical fluid in
the early universe, where all particles are highly relativis-
tic, is a radiation fluid with w = 1/3, which will be con-
sidered from now on. Note that, in this case, T = η, the
conformal time (remember the relation of T with cosmic
time t, dt = a3wdT ).
It is convenient to express the bounce solution in terms
of cosmological quantities, which is achieved by relating
the parameters of the wave function to observables. With
this purpose, we will follow the same procedure devel-
oped in [14]. We expand the square of the correspondent
Hubble function for large times T , obtaining
H2 =
a2b
a4σ4
. (17)
In this expression we identify the dimensionless density
parameter for radiation today Ωr0 = ρr0/ρc0 as the coef-
ficient of (a0/a)
4. Thus
Ωr0 =
a2b
a40H
2
0σ
4
. (18)
The subscript 0 in all quantities indicates their current
values. The quantities ρr0 and ρc0 = 3H
2
0/8πG are, re-
spectively, the current energy density of radiation and
the current critical density.
Performing the following transformation of variables
xb =
a0
ab
(19)
σ = σ
√
a0H0, (20)
we obtain
σ2 =
1
xb
√
Ωr0
. (21)
In its turn, the curvature scale at the bounce is given by
Lb =
1√
R
∣∣∣∣
T=0
=
σ2√
6xbH0
=
1
x2bH0
√
6Ωr0
, (22)
4where R is the Ricci scalar.
To ensure that the Wheeler-DeWitt equation is a valid
approximation for a more fundamental theory of quan-
tum gravity, we must require that the bounce scale is
larger than the Planck scale, that is Lb > Lp. Taking
H0 ≈ 70 km × s−1 × Mpc−1, Ωr0 ≈ 10−4 and given
that Lp/RH0 ≈ 1.25 × 10−61, where RH0 = 1/H0 is the
Hubble radius today, we obtain the upper bound for xb
xb < 1.8× 1031. (23)
The lower limit can be obtained by requiring that the
bounce occurs at energy scales much larger than the nu-
cleosynthesis energy scale, i.e. TBBN = 10 MeV. Using
the CMB temperature equal to Tγ0 = 2.7 K in Mev, and
the linear relation between the temperature and the scale
factor
Tγ0
TBBN
=
aBBN
a0
= x−1BBN , (24)
we obtain
xb ≫ 1011. (25)
III. GENERALIZED SYMMETRIC BOUNCES
AND NON-UNITARY ASYMMETRIC BOUNCES
A. Generalized symmetric quantum bounces
Although the simplicity of the previous symmetric
bounce, it represents a fine-tuning in the theory, since
the contraction phase is restricted to be the same as the
expansion reversed in time. For this reason, we aim to
obtain cosmological models with asymmetric trajectories
for the scale factor a.
Our initial proposal to obtain asymmetric solutions
was to include a factor of the form exp(ipχ) in the ini-
tial wave function, which represents a velocity for the
Gaussian proposed in Eq. (12). Thus we have
Ψ0(χ) =
(
8
πσ2
) 1
4
exp
(
−χ
2
σ2
+ ipχ
)
. (26)
Note that this initial wave function does not satisfy the
unitarity condition (6), which means that unitarity is not
preserved in T = 0. As we are going to show, once it
represents only one point at the real line, it does not
affect the unitarity of the propagated wave function for
all times T .
Propagating this initial wave function (26) with the
propagator (13) from 0 to +∞, that is, performing a
unitary evolution, we obtain the following wave function
for all times:
Ψ(χ, T ) = (2πσ2)−
1
4
(
−1 + iT
σ2
)− 12
×
[
φ(χ, T ) + φ(−χ, T )
]
, (27)
where
φ(χ, T ) ≡ exp
[
− σ
2χ2
T 2 + σ4
− T (p
2Tσ2 − 4pσ2χ)
4(T 2 + σ4)
+ i
(
− Tχ
2
T 2 + σ4
+
σ2(p2Tσ2 − 4pσ2χ)
4(T 2 + σ4)
)]
×
(
1− Erf [ǫ(χ, T )]
)
, (28)
ǫ(χ, T ) ≡
(
pT
2
+ χ
)[
iT
(
−1 + iT
σ2
)]− 12
. (29)
The wave function (27) satisfies the unitarity condition
(6). Thus, as mentioned before, the non-unitarity at the
point T = 0 for the initial wave function (26) does not
spoil the unitarity for all times.
We can see from Eq. (27) that the wave function was
propagated equally to χ and to −χ. Thus terms and
arguments that are linear in χ are symmetrized with re-
spect to χ = 0 by the unitary evolution with the propa-
gator (13).
In order to exemplify a Bohmian trajectory for the
scale factor a related to an unitary wave function with
factors of the form exp(ipχ), we are going to consider
only the terms
Ψ(χ, T ) = (2πσ2)−
1
4
(
−1 + iT
σ2
)− 12
×
[
φ(χ, T ) + φ(−χ, T )
]
, (30)
where
φ(χ, T ) ≡ exp
[
− σ
2χ2
T 2 + σ4
− T (p
2Tσ2 − 4pσ2χ)
4(T 2 + σ4)
+ i
(
− Tχ
2
T 2 + σ4
+
σ2(p2Tσ2 − 4pσ2χ)
4(T 2 + σ4)
)]
,(31)
which also constitutes a unitary solution of the Wheeler-
DeWitt equation (5). The choice to disregard the Gauss’s
error functions is for the sake of simplicity.
Inserting the global phase S of the wave function (30)
into Eq. (10), it is possible to obtain a differential equa-
tion for the parameter χ. It reads
5dχ
dT
=
2Tχ cos
(
2pσ4χ
T 2+σ4
)
+ 2Tχ cosh
(
2pTσ2χ
T 2+σ4
)
+ pTσ2 sin
(
2pσ4χ
T 2+σ4
)
+ pσ4 sinh
(
2pTσ2χ
T 2+σ4
)
2(T 2 + σ4)
[
cos
(
2pσ4χ
T 2+σ4
)
+ cosh
(
2pTσ2χ
T 2+σ4
)] . (32)
Using Eq. (4) in Eq. (32) and solving it numerically with
initial condition ai = a(Ti), we obtain the trajectory of
the scale factor a(T ), which is plotted in figure 2.
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Figure 2 a vs T for σ = 1.0, ai = 1.0, Ti = 1.0, ω =
1
3
.
The result is a symmetric bounce, regardless of the
value of the parameter p related to the asymmetry. It
happens when the unitary evolution for factors of the
form exp(ipχ) is maintained. As explained before, once
these factors are linear in χ inside the exponential, they
are going to be propagated equally to χ and to −χ, re-
sulting in a symmetrization of the propagated wave func-
tion and, as a consequence, of the trajectory of the scale
factor a.
B. Non-unitary asymmetric quantum bounces
An alternative to this hindrance is to give up unitarity,
which is allowed according to the discussion previously
made. In practise, it means to disconsider the boundary
condition (6). The correspondent propagator is then only
the first term of the propagator (13), given by
GNU (χ, χ0, T ) =
√
− i
πT
exp
[
− i(χ− χ0)
2
T
]
, (33)
where NU stands for non-unitary. Applying the propa-
gator (33) to the initial wave function (26) without the
normalization factor from −∞ to +∞, we obtain the fol-
lowing wave function for all times:
Ψ(χ, T ) =
(
−1 +
iT
σ2
)− 1
2
exp
(
ip2T
4
+ ipχ− χ
2
σ2
1− iT
σ2
)
. (34)
We take the integration from −∞ to ∞ in Eq. (33) in
order to avoid terms containing Gauss error functions
that arise if the integration is performed from 0 to∞. In
the end we must check that the restriction χ > 0 is still
staisfied.
Writing Eq. (34) as Ψ(χ, T ) = R(χ, T )eiS(χ,T ), we ob-
tain
Ψ(χ, T ) =
(
− 1 + iT
σ2
)− 12
φ(−χ, T ), (35)
where φ(χ, T ) is given by Eq. (31) (the first factor in the
above equation does not depend on χ, hence it does not
affect the calculation of the Bohmian trajectories). Then,
by inserting S into Eq. (10), it is possible to obtain the
trajectory in terms of χ. It reads
χ(T ) = χb
[
1+
(
T
σ2
)2
+
(
p
2χb
)2
(T 2+σ4)
] 1
2
−pT
2
, (36)
where χb = χ(Tb) is the value of the variable χ at the
moment of the bounce Tb =
pσ4
2χb
, which is not equal to
zero as in the symmetric case. In terms of the scale factor,
the trajectory reads
a(T ) =
{
− 3p(1− ω)
4
T + a
3(1−ω)
2
b
[
1 +
(
T
σ2
)2
+
(
3p(1− ω)
4
)2
(T 2 + σ4)
a
3(1−ω)
b
] 1
2
} 2
3(1−ω)
, (37)
where ab relates to χb through Eq. (4). The trajectory
(37) is shown in figure 3 for w = 1/3, where it is evidenced
that the value of the parameter p is directly related to
the intensity of the asymmetry.
Note that Eq. (37) does not admit a singularity or
negative values for a(T ), once we always have
3p(1− ω)
4
T ≤ a
3(1−ω)
2
b
×
[
1 +
(
T
σ2
)2
+
(
3p(1− ω)
4
)2
(T 2 + σ4)
a
3(1−ω)
b
] 1
2
. (38)
This ensures that the restrictions χ > 0 and a > 0 are sat-
isfied, although we have disregarded the boundary con-
dition (6) and propagated the wave function from −∞
to ∞. A bounce solution is naturally obtained, without
the need to impose restrictions to recover the positivity
of the scale factor.
For p = 0 we re-obtain the symmetric bounce (16),
which makes explicit the relation between the asymmetry
and the factor exp(ipχ).
6As in the symmetric case, the classical solution arises
for large values of T .
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Figure 3 a vs T for σ = 1.0, ab = 1.0, ω =
1
3
.
In order to obtain a slope in the contracting phase
lower than the slope in the expanding phase, one has
to take p < 0, or, equivalently, to change the factor
from exp(ipχ) to exp(−ipχ) in the initial wave function
(26) keeping p > 0. This case is particularly interest-
ing, once the contraction phase may consist of an almost
Minkowski universe. Applying the same procedure to
obtain the Bohmian trajectory, we obtain a, which is
plotted in figure 4.
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Figure 4 a vs T for σ = 1.0, ab = 0.1, ω =
1
3
.
Just as we did for the symmetric case, let us express
the wave function parameters in terms of cosmological
quantities for the case w = 1/3. First let us expand
χ = a of Eq. (36) for large |T | = |η|. We get
a = ±
[
ab
√
1
σ4
+
p2
4a2b
± p
2
]
η =: ±A±η, (39)
where the +(−) sign refers to the expanding (contract-
ing) phase, and we are assuming p > 0, hence A+ > A−.
The square of the correspondent Hubble function for
large times |η|, where the classical Einstein’s equations
hold, reads
H2± =
A2±
a4
=
8πG
3
ρr±, (40)
where ρr± are the classical radiation energy densities at
expansion and contraction, and, because of our choice of
parameters, ρ+ > ρ−, as it can be inferred from figure 4.
Applying Eq. (40) to the expanding phase, writing
8πGρr+/3 = H
2
0Ωr0a
4
0/a
4, one obtains
Ωr0 =
p2
2a40H
2
0
+
a2b
a40H
2
0σ
4
+
abp
a40H
2
0σ
2
√
1 +
p2σ4
4a2b
. (41)
Performing the transformation of variables given by
xb =
a0
ab
(42)
σ = σ
√
a0H0 (43)
p =
p
a20H0
, (44)
we obtain
σ2 =
[
p
x2bΩ
1
2
r0(p
2 − Ωr0)
− 1
x2b(p
2 − Ωr0)
] 1
2
. (45)
The curvature scale at the bounce, in its turn, is given
by
Lb =
1√
R
∣∣∣∣
T=Tb
=
σ2√
6xbH0
√
1 +
p2σ4x2b
4
. (46)
Note that Eqs. (40, 41, 45, 46) reduce to their corre-
spondents in the symmetric case Eqs. (17, 18, 21, 22) for
p = 0.
As in the symmetric case, we require that the bounce
scale is larger than the Planck scale, that is Lb > Lp. In
order to obtain the upper bound to xb we specify a value
of p and replace it in Eq. (45). Then we have a rela-
tion between σ and xb, which we substitute in Eq. (46).
Performing this procedure for the following p values, we
obtain
p = 0.1 xb < 1.335 × 10
31
p = 1.0 xb < 1.284 × 10
31
p = 10.0 xb < 1.279 × 10
31
Table I Upper limit on xb for the non-unitary asymmetric
bounce.
As for the symmetric case, the lower limit is obtained
by requiring that the bounce occurs at energy scales much
larger than the nucleosynthesis:
xb ≫ 1011. (47)
Note that A−, and consequently ρr−, can be made
arbitrarily small, see Eqs. (39,40). The condition is
7A−/p ≪ 1, which implies that pxbσ2 ≫ 1. Using
Eq. (45), one gets
p
Ω
1
2
r0(1− Ωr0/p2)
− 1
(1− Ωr0/p2)
≫ 1. (48)
As Ωr0 ≈ 10−4, any p > 1 already yields small radiation
densities at contraction. Furthermore, as Lb given in
Eq. (46) becomes independent of p for p≫ 1,
Lb
RH0
≈ 1
2
√
6Ωr0x2b
,
the conditions on Lb (bigger than the Planck length and
smaller than the curvature radius at nucleosynthesis) de-
pend only on xb. Hence, the radiation energy density can
be made arbitrarily small at contraction as long as p can
be arbitrarily large.
IV. UNITARY ASYMMETRIC QUANTUM
BOUNCES
Another alternative to obtain asymmetric solutions is
to perform superpositions of Gaussian wave functions
multiplied by factors of the form exp
[
i(pχ)2
]
. Once the
term inside the exponential is not linear in χ, it is pos-
sible to generate asymmetry maintaining unitarity. Note
that the asymmetry is achieved only when we perform
superpositions. A single Gaussian in this format would
lead to a symmetric bounce.
Considering the following superposition for the initial
wave function
Ψ0(χ) = C
[
exp
(
−χ
2
σ2
+ ip21χ
2
)
+ exp
(
−χ
2
σ2
− ip22χ2
)]
, (49)
where
C =
√
2
π
1
4
{[
−i(p21 + p22) +
2
σ2
]− 12
+
[
i(p21 + p
2
2) +
2
σ2
]− 12
+
√
2σ
}−1/2
, (50)
and applying the unitary propagator (13), we obtain a
wave function for all times given by
Ψ(χ, T ) =
C exp
(
−i
χ2
T
){
exp
[
iχ2
T−iT2( 1
σ2
+ip22)
](
− ip21 +
i
T
+ 1
σ2
) 1
2
+exp
[
iχ2
T−iT2( 1
σ2
−ip21)
](
ip22 +
i
T
+ 1
σ2
) 1
2
}
[
iT
(
−ip21 +
i
T
+ 1
σ2
)(
ip22 +
i
T
+ 1
σ2
)] 1
2
. (51)
Note that both Eq. (49) and Eq. (51) satisfy the unitarity
condition (6). Thus this case is unitary for all times.
Defining
γi = (−1)ip2i +
1
T
, βi = γ
2
i +
1
σ4
, (52)
α =
γ1
β1
χ2
T 2
− γ2
β2
χ2
T 2
− 1
2
arctan
(
γ1σ
2
)
+
1
2
arctan
(
γ2σ
2
)
(53)
and writing Eq. (51) as Ψ(χ, T ) = R(χ, T )eiS(χ,T ), we
can insert the phase S into Eq. (10) to obtain the differ-
ential equation for the parameter χ, given by
dχ
dT
= −
{
exp
(
−
2χ2
σ2β1T 2
)(
−T +
γ1
β1
)
2β
1
2
2
χ
T 2
+ exp
[
−
(
1
β1T 2
+
1
β2T 2
)
χ2
σ2
]
(β1β2)
1
4
[
2 cos(α)χ
T 2
(
−2T +
γ1
β1
+
γ2
β2
)
+
2 sin(α)χ
σ2β2T 2
]
+ exp
[
−
2χ2
σ2β2T 2
]
−2β
1
2
1
(
β2 −
γ2
T
)
χ
β2T
− exp
[
−
(
1
β1T 2
−
1
β2T 2
)
χ2
σ2
]
2β
1
4
2 sin(α)χ
σ2β
3
4
1 T
2


}
×
{
2 exp
(
−
2χ2
σ2β2T 2
)
β
1
2
1 + 2 exp
(
−
2χ2
σ2β1T 2
)
β
1
2
2 + 4 exp
[
−
(
1
β1T 2
+
1
β2T 2
)
χ2
σ2
]
(β1β2)
1
4 cos(α)
}−1
. (54)
For p1 = 0 and p2 = 0, i.e. γ1 = γ2 = 1/T and β1 = β2 = 1/T
2 + 1/σ4, we obtain
dχ
dT
=
Tχ
T 2 + σ4
, (55)
8which can be solved analytically and results in the tra-
jectory (15) obtained before for the symmetric case.
Solving Eq. (54) numerically with initial condition ai =
a(Ti), we obtain the trajectory for the parameter χ and
then, using Eq. (4), for the scale factor a. The result is
plotted in figure 5. Note that symmetric bounces are also
obtained if p1 = p2.
p1=3.5, p2=1.0
p1=5.5, p2=1.0
p1=1.0, p2=3.5
p1=1.0, p2=5.5
p1=0, p2=0
p1=1.0, p2=1.0
-2 -1 1 2
T
1
2
3
4
a
Figure 5 a vs T for σ = 1.0, ai = 1.0, Ti = 1.0 ω =
1
3
.
The numerical solution of Eq. (54) also encompasses
multiple bounces for certain values of the parameters σ,
p1 and p2 and of the initial values ai and Ti. See figure
6.
p1=5.0, p2=2.0
p1=6 p2=2
-0	 -0.3 -0.2 -0.1 0.1
T
0.2
0.4



a
Figure 6 a vs T for σ = 1.5, ai = 5.0, Ti = 1.0, ω =
1
3
.
As we did for the other bounce solutions, we express
the wave function parameters in terms of cosmological
quantities. Expanding the square of the correspondent
Hubble function for large times T , we obtain
H2 =
a2i
a4(T 2i + σ
4)
. (56)
Identifying the dimensionless density parameter for radi-
ation today Ωr0 = ρr0/ρc0 as the coefficient of (a0/a)
4,
we obtain
Ωr0 =
a2i
a40H
2
0 (T
2
i + σ
4)
. (57)
In order to rewrite Eq. (57) in terms of ab and Tb, we
expand Eq. (54) for T/σ2 ≪ 1 to the first order and
for p1σ ≪ 1 and p2σ ≪ 1 to the second order. Under
these conditions, i.e. near the bounce and with small
parameters related to asymmetry, we obtain a solution
with a single bounce, where it is possible to relate Tb, p1
and p2 by making da/dT = 0. Disregarding also terms
containing p21p
2
2, we obtain
Tb =
(p21 − p22)σ4
2
. (58)
Performing the following transformation of variables
xb =
a0
ab
(59)
σ = σ
√
a0H0 (60)
p21 =
p21
a0H0
(61)
p22 =
p22
a0H0
, (62)
we obtain
σ2 =
√√√√ 2
x2bΩr0 +
√
x2bΩr0[(p
2
1 − p22)2 + x2bΩr0]
. (63)
Note that Eqs. (56, 57, 63) reduce to their correspondents
in the symmetric case Eqs. (17, 18, 21) for p1 = p2 = 0,
which implies Ti = Tb = 0.
For this particular case, i.e. T/σ2 ≪ 1 to first or-
der and for p1σ ≪ 1 and p2σ ≪ 1 to second order, the
curvature scale at the bounce Lb is equal to the symmet-
ric case given by Eq. (22), and the dependence on the
small asymmetry parameters is lost. Once we want to
know how p1 and p2 affect Lb, we now go back to the
general case given by Eq. (54), and verify for which val-
ues of the parameters the bounce scale is larger than the
Planck scale and smaller than the nucleosynthesis scale.
We find Lb numerically for some non-multiple asymmet-
ric bounces, and we obtain the correspondent bounce en-
ergy Eb = L
−1/2
b for each case. The results are shown in
table II.
Once Lp ≈ 5 × 10−44 s, we see that Lb > Lp for all
bounces considered. As mentioned before, this means
that the validity of the Wheeler-DeWitt equation as an
approximation to a more fundamental theory of gravity is
well established. Beyond that, the bounce must occur at
energy scales much larger than the nucleosynthesis scale,
i.e. 10MeV, which is not achieved by all cases considered.
The cases p1σ > 10.9, p2σ = 1.0 and p1σ = 1.0, p2σ >
5.8 represent multiple bounces.
V. CONCLUSION
We have obtained generalizations of the quantum
bounce solutions obtained in Refs [5, 6] which are asym-
metric with respect to the bounce, and even possessing
9p1σ p2σ Lb (s) Eb (MeV)
2.5 1.0 3.59934 × 10−3 16.66820
3.5 1.0 5.95604 × 10−4 40.97522
4.5 1.0 1.61263 × 10−4 78.74681
5.5 1.0 5.75934 × 10−5 131.76909
6.5 1.0 1.19055 × 10−5 201.63933
7.5 1.0 4.78629 × 10−5 289.81846
8.5 1.0 6.32385 × 10−6 397.65741
9.5 1.0 3.60849 × 10−6 526.42560
10.5 1.0 2.17979 × 10−6 677.31783
1.0 2.5 5.64555 × 10−3 13.30904
1.0 3.5 1.00531 × 10−3 31.53917
1.0 4.5 2.75388 × 10−4 60.25975
1.0 5.5 9.80995 × 10−5 100.96402
Table II Lb and Eb for σ = 1.0, ai = 1.0, Ti = 1.0, ω =
1
3
.
multiple bounces. These solutions may be used to take
into account significant back-reaction due to quantum
particle production around the bounce, see Refs. [14, 15].
As an example, in future work we will investigate baryo-
genesis in those asymmetric bounces.
One particular class of interesting solutions is the one
exhibited in figure 4. It describes expanding cosmologi-
cal solutions arising from an almost flat space-time. As
discussed in Section III, the energy density at contrac-
tion can be made arbitrarily small, depending on the new
quantum parameter p, related to the phase velocity of the
initial wave function of the universe. The emerging pic-
ture is of an arbitrarily flat and almost empty space-time,
which is launched through a bounce into the standard
Friedmann expanding phase, containing the usual hot
and dense radiation field. This fact open new windows to
an old speculation, that our Universe arose from quantum
fluctuations of a fundamental quantum vacuum. The de
Broglie-Bohm theory allows a different regard to this hy-
pothesis and the concrete possibility to extend this par-
ticular mini-superspace model by incorporating quantum
cosmological perturbations to the system and quantita-
tively study their observational effects. This is also sub-
ject for future work.
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